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Abstract. The physics of the attractive one-dimensional Bose gas (Lieb-Liniger
model) is investigated with techniques based on the integrability of the system.
Combining a knowledge of particle quasi-momenta to exponential precision in the
system size with determinant representations of matrix elements of local operators
coming from the Algebraic Bethe Ansatz, we obtain rather general analytical
results for the zero-temperature dynamical correlation functions of the density
and field operators. Our results thus provide quantitative predictions for possible
future experiments in atomic gases or optical waveguides.
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1. Introduction
The experimental realization of trapped quasi-one-dimensional atomic gases in optical
lattices during the last few years [1, 2, 3, 4, 5, 6, 7, 8] has provided a new impetus for
the study of the effects of strong correlations on the physical properties of fundamental
quantum-mechanical systems of interacting particles. One very interesting aspect of
this still emerging field, in contrast to traditional condensed matter physics, is that
more-or-less ideal realizations of famous toy models like the interacting Bose gas in
one dimension (the Lieb-Liniger model [9]) can be constructed and investigated. It is
moreover usually possible to tune the parameters to arbitrary values, in contrast to
the fixed values in a solid-state crystal, and to obtain systems in which disorder and
impurities are essentially absent.
Experimental measurements can typically be related to relatively simple
theoretical objects like expectation values and correlation functions of local fields.
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Ideally, one would like to obtain direct quantitative comparisons between these,
providing an extremely nontrivial check on our understanding of the physics involved.
From the theory side, calculating the response functions of a strongly correlated system
is more often than not a difficult, if not insurmountable task. In one dimensional
quantum mechanics, the situation is not as hopeless as in higher dimensions in view
of the existence of many nonperturbative methods [10]. While features such as
asymptotic correlation functions can be obtained from bosonization [11, 12], it remains
however extremely rare to be able to provide general analytical results valid for all
ranges of momentum and frequency.
Our objective in this paper is to provide an extensive treatment of a situation
where much analytical progress is possible, namely that of the Lieb-Liniger model
for a one-dimensional Bose gas in the attractive regime. Like the repulsive case,
the attractive one-dimensional gas is solvable with a Bethe Ansatz, so we can hope
for full nonperturbative solutions. On the other hand, although the Bethe Ansatz
offers a good basis for providing an ’exact’ solution to some models of interest in
one-dimensional quantum physics, it is not necessarily an easy framework to use
to compute dynamical correlation functions or other objects going beyond simple
equilibrium thermodynamics. In the case of the Lieb-Liniger model, while it is now
possible to obtain accurate numerical results for the dynamical structure factor [13]
and for the one-body function [14] for the repulsive Lieb-Liniger model by mixing
the Algebraic Bethe Ansatz with intensive numerical work, obtaining a full analytical
solution for these objects in the thermodynamic limit remains a severe challenge [15].
Here, we demonstrate that the attractive gas is in fact fully tractable analytically. A
summary of our results has appeared recently in [16].
The physics of the attractive Lieb-Liniger model, less conventional than in the
repulsive regime, has received attention in the past. Most importantly, the ground
state energy and wavefunction were investigated in [17, 18], and a more general
treatment including excitations was offered in [19]. The purely one-dimensional case
also serves as a basis for the investigation of effects beyond the Gross-Pitaevskii mean-
field in higher dimension [20]. Overall, the scattering and diffusion of solitons has
also been studied [21, 22], and mean-field approaches based on the Gross-Pitaevskii
equation have been developed [23, 24]. The case of attractive interactions is in principle
accessible experimentally in the context of bright solitons in quasi 1D traps [25, 26, 27]
since the effective one-dimensional coupling constant [28, 29, 30] can effectively be
tuned via Feshbach resonance or transverse confinement to essentially any positive or
negative value. Such sort of solitonic physics can also be realized using photons in
optical fibres [31].
The paper is organized as follows. We start by a reminder of the model, its
solution in terms of a Bethe Ansatz, and of the important correlation functions to
consider in Section 2. After describing eigenstates in more detail in Section 3, we
give the important form factors in Section 4, which are then used in Section 5 and 6
to obtain the dynamical structure factor and one-body function at zero temperature.
Most of the more tedious calculations have been relegated to Appendix A-Appendix
E. We end by offering some conclusions and perspectives in Section 7.
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2. Setup
The Hamiltonian of the Lieb-Liniger model is given by
H = − h¯
2
2m
N∑
j=1
∂2
∂x2j
+ 2c
∑
〈i,j〉
δ(xi − xj), (1)
where 〈i, j〉 represents the sum over all pairs, c is the interaction parameter and m the
mass of the particles (atoms). In terms of experimental parameters the 1D coupling
constant is c = −h¯2/ma1D, where a1D is the effective 1D scattering length that can be
tuned via Feshbach resonance or transverse confinement [28, 29, 30]. For definiteness,
we consider a system of length L (i.e. 0 < xi < L) with periodic boundary conditions.
From now on we fix h¯ = 2m = 1. In second quantization, this is nothing but the
nonlinear Schro¨dinger theory for a canonical Bose field,
H =
∫ L
0
dx
{
∂xΨ
†(x)∂xΨ(x) + cΨ
†(x)Ψ†(x)Ψ(x)Ψ(x)
}
. (2)
We will be primarily interested in obtaining detailed results on dynamical correlation
functions of local operators of physical significance for the attractive gas (1) with
c < 0. We will first consider the density operator, which is defined as
ρ(x) =
N∑
j=1
δ(x − xj) = 1
L
∑
k
eikxρk = Ψ
†(x)Ψ(x). (3)
More precisely, we will obtain its ground-state correlation function‡
Sρ(x, t) = 〈ρ(x, t)ρ(0, 0)〉, (4)
whose Fourier transform Sρ(k, ω) is known as the dynamical structure factor (DSF).
In a similar way, we will also treat the case of the one-body dynamical correlation
function of the field operator Ψ(x, t),
SΨ(x, t) = 〈Ψ†(x, t)Ψ(0, 0)〉. (5)
The dynamical structure factor (4) can at least in principle be obtained
experimentally by Fourier sampling of time-of-flight images [32] or Bragg spectroscopy
[33, 34]. The one-body function (5) is obtainable through interference experiments
[35, 36] or Raman spectroscopy [37, 38, 39, 40, 41], and its static version is the
momentum distribution function which is directly accessed using ballistic expansion
[42, 4].
By introducing a resolution of unity, these correlation functions can be written
in a Lehmann representation involving a sum over intermediate states. As a basis for
the Fock space, we use the eigenfunctions of the Hamiltonian as given by the Bethe
Ansatz, which are combinations of plane waves characterized by spectral parameters
(rapidities) {λ}:
ΨN (x1, ..., xN |λ1, ..., λN ) =
∏
N≥j>k≥1
sgn(xj − xk)×
∑
PN
(−1)[P ]ei
∑
N
j=1
λPj xj+
i
2
∑
N≥j>k≥1
sgn(xj−xk)φ(λPj−λPk ), (6)
‡ Every time we write an operator with an explicit time dependence we obviously are working in
the Heisenberg picture. Oppositely operators without time dependence (as in Eq. (2)) are in the
Schro¨dinger picture
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where φ(λ) = 2 arctan(λ/c). These wavefunctions are symmetric in the position
coordinates. The rapidities of a given eigenstate obey a Pauli-like exclusion principle,
namely the Bethe wavefunction vanishes if two rapidities coincide. Quantization is
achieved by enforcing periodic boundary conditions. It will become clear later on that
our results are in fact insensitive to the boundary conditions used.
Upon Fourier transformation O(k, ω) = ∫ L
0
dx
∫∞
−∞
dtei(ωt−kx)O(x, t), the
correlators we are interested in can be written as a sum over intermediate states
labeled by µ,
SO(k, ω) = 2piL
∑
µ
|ΣOµλ0 |2
||λ0||2||µ||2 δ(ω − Eµ + Eλ0), (7)
where λ0 denote the ground state rapidities, and the form factor (FF) ΣOµλ =
〈µ|O(0, 0)|λ〉 = 〈µ|OKµ−Kλ |λ〉/L depends on the operator O and on the state µ (OK
is the Fourier transform of the operator O at momentum K). Throughout this paper,
||µ|| denotes the norm of state µ.
3. Eigenstates
Let us begin by discussing the eigenstates, and by first recalling some standard features
of the Bethe Ansatz (6) for the model at hand, and how they adapt to the attractive
case.
As can be seen from the Schro¨dinger equation, given a set of rapidities, the energy
and momentum of the corresponding state are
EN =
N∑
j=1
λ2j , PN =
N∑
j=1
λj . (8)
Quantization of the theory is achieved by imposing the periodicity conditions
Ψ(x1, x2, ..., xN ) = Ψ(x2, ..., xN , x1 + L) (9)
which lead to the Bethe equations
eiλjL = (−1)N−1e−i
∑
k
φ(λj−λk) =
∏
k 6=j
λj − λk + ic
λj − λk − ic , (10)
or in logarithmic form
λjL+
∑
k
φ(λj − λk) = 2piIj , j = 1, ..., N. (11)
The quantum numbers Ij are half-odd integers if N is even, and integers if N is odd.
In the repulsive case, given a proper set of quantum numbers {I}, the solution
of the Bethe equations for the set of rapidities {λ} exists and is unique [43] due to
the convexity of the Yang-Yang action associated with (11). Furthermore all these
solutions have real rapidities λi. For the attractive case, the situation is completely
different. We will define c¯ = −c > 0 as the interaction parameter; let us rewrite our
Bethe equations as
eiλαL =
∏
β 6=α
λα − λβ − ic¯
λα − λβ + ic¯ . (12)
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 Figure 1. Two string states of
a gas of N = 7 atoms. Black:
The ground state consists of a single
string centered at k = 0 with all the
N particle aligned on the imaginary
axis. Red: An excited states with
4 strings of length j = 1, 2, 3 and
N1 = 2, N2 = 1, N3 = 1, Nj>3 = 0.
Consider now a complex rapidity λα = λ+ iη. The Bethe equation for this rapidity is
eiλαL = eiλL−ηL =
∏
β 6=α
λα − λβ − ic¯
λα − λβ + ic¯ . (13)
We consider finite N and L →∞. If η > 0, we have e−ηL → 0 on the left-hand side.
Looking at the finite product on the right-hand side, we conclude that there must thus
be a rapidity λα′ such that λα′ = λα − ic¯ + O(e−ηL). On the other hand, if η < 0,
we have e−ηL →∞ on the left-hand side, and there must thus be a rapidity λα′ such
that λα′ = λα + ic¯+O(e
−|η|L).
In general, the atoms will thus form bound states in the form of strings in the
complex plane. For a given number of atoms N , we can construct eigenstates with
fixed string content by partitioning N into Nj strings of length j, denoting the total
number of strings as Ns. We clearly have
N =
∑
j
jNj , Ns =
∑
j
Nj. (14)
Specifically, we will parametrize the string rapidities as
λj,aα = λ
j
α + i
c¯
2
(j + 1− 2a) + iδj,aα , (15)
with exponentially small deviations δ ∼ e−(cst)L as usually done in these cases (see
e.g. [44, 45]). In our string notation, the index a = 1, . . . , j labels rapidities within the
string, and α = 1, . . . , Nj labels strings of a given length. A pictorial representation
of two string states is given in Fig. 1. We stress that perfect strings (i.e. with all the
δi = 0) are exact eigenstates in the limit L → ∞ for arbitrary N . It is then natural
to consider the limit L → ∞ at fixed N . This is different from what done in the
repulsive case where the limit N,L→∞ at fixed density N/L is performed. Here, the
N particles remain strongly correlated and bound to one another even when L→∞,
as we will explicitely see later on (see in particular the section about the norm of a
string state 3.3).
The string deviations δj,aα are effectively studied in [46, 47], but depend sensitively
on the particular boundary conditions used. We will however not need the explicit
values of these deviations: we will only need the fact that they are small, and treat
the resulting limit carefully in the norm and form factor expressions. For the moment,
however, they can be dropped.
These bound states should be viewed as individual particles of mass j, with
momentum and energy of the string centered on λjα given by
E(j,α) = j(λ
j
α)
2 − c¯
2
12
j(j2 − 1), P(j,α) = jλjα. (16)
Such strings are known but not commonly discussed in the literature on the Bose gas
[44, 19], as they do not appear in the repulsive case. However, their equivalents exist
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in integrable spin chains, where they have been extensively studied. The ’technology’
to treat them, at least on the level of eigenstates, is thus standard.
The fact that all deviations are exponentially small means that we can obtain a
much simpler set of equations involving only the string centers λjα. The derivation of
these equations in presented in Appendix A, the final result being
jλjαL−
∑
(k,β)
Φjk(λ
j
α − λkβ) = 2piIjα (17)
with Ijα half-odd integer (integer) if Nj is even (odd), and where the scattering phase
shifts are
Φjk(λ) = (1− δjk)φ|j−k|(λ) + 2φ|j−k|+2(λ) + ...+ 2φj+k−2(λ) + φj+k(λ), (18)
with φj(λ) = 2 arctan(2λ/jc¯). These strings are stable particles under scattering with
one another, and are therefore soliton-like objects. One point worth emphasizing is
that the scattering phase shifts (18) are simply those of breathers in the classical limit
β → 0 of the sine-Gordon model after a trivial reparametrization of the rapidity. The
sine-Gordon soliton’s mass is in this limit much higher than that of the breathers,
which have an evenly-spaced rest mass. The string of order j in the attractive
Lieb-Liniger model is consequently not so much a ’soliton’, but more accurately a
nonrelativistic sine-Gordon breather of order j.
3.1. The ground state
The lowest energy state will be obtained by forming a bound state of all N particles
centered on zero [17] (see Fig. 1), namely by choosing
λN,a = i
c¯
2
(N + 1− 2a) + O(δ) . (19)
The corresponding energy is
EGS =
∑
a
(λN,a)2 = − c¯
2
4
N∑
a=1
(N + 1− 2a)2 = − c¯
2
12
N(N2 − 1). (20)
Note that this goes like N3, unlike the repulsive case where the energy is not extensive.
Although our results are not limited to this case, we will often consider the limit of
a large number of particles N ≫ 1, with weak interactions c¯ such that the parameter
g = c¯N remains finite. In this case, the ground state energy per particle also remains
finite, EGS = −g2/12. We will find some similarly simplified limiting values for the
correlations functions. It is however important to note that this is not a conventional
thermodynamic limit with finite energy density as in the repulsive case.
3.2. Excited states
Excitations above the ground state are then obtained by either simply giving
momentum to the ground state N string, or more elaborately by partitioning it into
smaller strings to which individual momenta can be given. We consider here only the
N atom sector relevant for the dynamical structure factor. The case of states with
N − 1 (or less) atoms trivially follows.
We will label the string content of eigenstates by column-separated entries
specifying the length and number of each different string type. For example N−M :M
will be a state with a N −M string and a M string, and N −M1− 2M2 :M1 : (M2)2
a state with an N −M1− 2M2 string, an M1 string and two M2 strings; the red state
in Figure 1 is a 3 : 2 : 12 state.
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3.2.1. Single-particle states Single-particle excited states will be obtained by giving
finite momentum to the ground state N -string,
µN,a = µ+ i
c¯
2
(N + 1− 2a) + O(δ). (21)
Such states have energy above the ground state given by
ωN (µ) ≡ Eµ − EGS = Nµ2 = k2µ/N (22)
where kµ = Nµ is the total state momentum. For these states, there is only one Bethe
equation for the string center µ, namely µ = 2piI/NL with I an integer, so that the
momentum is quantized as for a free wave, kµ = 2piI/L. In the limit of large N , this
energy band becomes flat and quasi-degenerate with the ground state.
3.2.2. Two-particle states These are obtained by splitting up the ground-state N
string in two pieces. In general, consider having an N −M and an M string:
µN−M,a = µs + i
c¯
2
(N −M + 1− 2a) + O(δ), a = 1, ..., N −M,
µM,a = µM + i
c¯
2
(M + 1− 2a) + O(δ), a = 1, ...,M. (23)
The energy of this state above the ground state is given by
ωN−M :M (µs, µM ) = ω
0
N−M :M + (N −M)µ2s +Mµ2M , (24)
where we have defined the rest energy
ω0N−M :M =
c¯2
4
NM(N −M). (25)
The total momentum is the sum of the two string momenta,
k = ks + kM = (N −M)µs +MµM , (26)
so we can write the energy as
ωN−M :M (ks, kM ) = ω
0
N−M :M +
k2s
N −M +
k2M
M
. (27)
Similarly to the single-particle case, the Bethe equations are here very simple, namely
(N −M)µsL− ΦN−M,M (µs − µM ) = 2piIs,
MµML+ΦN−M,M (µs − µM ) = 2piIM , (28)
with Is, IM integers. In the limit of large L, we can thus ignore the scattering phase
shift, and take µs and µM as free parameters. The total momentum k of the state
can take on any value 2piI/L, but the energy is bounded from below by
ωlN−M :M (k) = ω
0
N−M :M +
k2
N
. (29)
Given external frequency ω and momentum k parameters, there are two solutions to
the dynamical constraints, namely
µ±s (k, ω) =
k
N
∓
[
M
N(N −M)
]1/2
[ω − ωlN−M :M (k)]1/2,
µ±M (k, ω) =
k
N
±
[
N −M
NM
]1/2
[ω − ωlN−M :M (k)]1/2. (30)
Therefore, in the large L limit, these states for a two-fold degenerate continuum
beginning at the lower threshold ωlN−M :M (k) and extending to arbitrarily high energy,
N-M:M continuum: ωlN−M :M (k) ≤ ω <∞. (31)
For finite L, this is of course not strictly a continuum: only discrete energy levels ω
then exist, as determined from the Bethe equations.
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3.3. Norm of a general state, general remarks
Before discussing form factors and correlation functions, we need to complete our
characterization of individual eigenstates by providing a formula for their norm. Given
a set of rapidities solution to the Bethe equations, the norm of the corresponding Bethe
eigenstate is given by the Gaudin-Korepin formula [48, 49], in this case
||ΨN ({λ})||2 = |c|N
∏
j>k
λ2jk + c
2
λ2jk
DetNG (32)
where G is the Gaudin matrix whose entries are given by
Gjk({λ}N ) = δjk
[
L+
N∑
l=1
K(λj , λl)
]
−K(λj , λk) (33)
where the kernel is
K(λ, µ) =
2c
(λ− µ)2 + c2 . (34)
To cover the case of string states in the attractive regime, these formulas must be
adapted in view of its string deviation δj,aα /δ
j,a±1
α indeterminacy. We do this in detail
in Appendix B, where we obtain the final result
||ΨN ({λjα})||2 = (Lc¯)Ns
∏
j
j2Nj
∏
(k,β)>(j,α)
Fjk(λ
j
α − λkβ) (35)
where
Fjk(λ) =
λ2 + ( c¯2 (j + k))
2
λ2 + ( c¯2 (j − k))2
. (36)
The norm of a single N string is thus simply
||λ||2 = c¯LN2 (37)
and that of an N −M : M state with rapidities µs, µM respectively for the N −M
and M strings,
||{µs, µM}||2 = c¯2L2(N −M)2M2
(µs−µMc¯ )
2 + (N2 )
2
(µs−µMc¯ )
2 + (N2 −M)2
. (38)
As we already mentioned, unlike what happens in the repulsive case, where the
low-density limit N finite, L→∞ is trivial, the physics of the attractive case remains
nontrivial. This is not a low-density limit, as the atoms tend to clump together in
wavepackets of finite extent. The ground state wavefunction is thus really a localized
wavepacket spread out uniformly over the whole system, as can be seen from our choice
of normalization: this depends on L generally as LNs , thus counting the number
of strings present, reflecting the fact that the strings are essentially independent,
almost free particles. In the presence of a weak harmonic confining trap in an
experiment, the ground state would thus be obtained by a convolution of the N string
wavepacket wavefunction with a ground state harmonic oscillator part. Our results
could straightforwardly be adapted to cover this case.
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4. Form factors
Since the Bethe wavefunctions are rather involved, comprising a factorially large
number of separate free wave terms, it is a priori extremely difficult to calculate matrix
elements of local operators in this basis. However, the calculation can be performed
for a number of integrable models (including the Bose gas) using the technology of
the Algebraic Bethe Ansatz, which is sufficiently powerful to provide a handle on
this combinatorial-like problem. In fact, the ABA provides these matrix elements for
the density and field operators in terms of determinants of matrices whose entries are
simple analytical functions of the rapidities of both eigenstates involved [50, 51, 52, 14].
These formulas are also applicable, at least in principle, to the attractive Bose gas,
provided some care is taken with string deviations. The purpose of this section is to
perform this calculation.
For the repulsive gas, the form factors have to be evaluated numerically, since the
solutions to the Bethe equations cannot be found analytically. For the attractive case,
however, we can actually calculate these determinants analytically to leading order
in the exponentially small string deviations, since we know the ground state to this
precision without having to solve any Bethe equation.
The form factors of the field and density operators between the ground state and
an arbitrary excited state are computed in Appendix C and Appendix D, and are
given by
|Σρµλ0 | =
P 2µ
c¯
N !(N − 1)!
∏
(j,α)
Hj(µ
j
α/c¯), (39)
|ΣΨµλ0 | = c¯
1
2N !(N − 1)!
∏
(j,α)
Hj(µ
j
α/c¯), (40)
where we have defined the function
HM (x) =
∣∣∣∣∣Γ(
N−M
2 + ix)
Γ(N+M2 + ix)
∣∣∣∣∣
2
. (41)
For later convenience, the asymptotic properties of H as N ≫M are given by
HM (x) −→
[
N2
4
+ x2
]−M
(1 +O(M/N)),
HN−M (x)→ FM (x)
F2N (x)
[
N2 + x2
]M/2
(1 +O(M/N)), (42)
where we have defined the function
FM (x) = |Γ (M/2 + ix)|2 . (43)
For x≪ N , we have further that HN−M (x)→ NMFM (x)/Γ2(N) + . . ..
5. Density correlation function
Let us now apply the results previously obtained for states and form factors to the
calculation of the dynamical structure factor. We first present the sum rules by which
our results can be checked, and then treat each important class of excited states
separately. We also consider how the equations obtained simplify in the limit of many
weakly interacting atoms.
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5.1. Sum rules
The first sum rule is for the second density moment 〈ρ2〉, which is given by the
Hellmann-Feynman theorem as
〈ρ2〉 = − 1
L
∂E0
∂c¯
=
c¯N(N2 − 1)
6L
=
c¯N3
6L
+ . . . , (44)
and we must therefore have
1
L
∑
k
∫ ∞
0
dω
2pi
Sρ(k, ω) = 〈ρ(0, 0)ρ(0, 0)〉 = c¯N(N
2 − 1)
6L
. (45)
Another sum rule of practical interest is obtained from the first frequency moment at
fixed momentum (f -sumrule):
fρ(k) =
∫ ∞
0
dω
2pi
ωSρ(k, ω) =
N
L
k2. (46)
We will saturate these sum rules in what follows by adding up contributions to the
structure factor coming from the lowest-lying bands of states.
5.2. N contribution (one-particle)
When the rapidities {µ} correspond to an N -string, we have from Eq. (39) that
|Σρµλ0 | =
Γ(iµc¯ )Γ(−iµc¯ )Γ(N + 1)Γ(N)
Γ(N + iµc¯ )Γ(N − iµc¯ )
P 2µ
c¯
=
NΓ2(N)P 2µ/c¯∏N
a=1 [(µ/c¯)
2 + (a− 1)2]
(47)
and k ≡ Pµ = Nµ. The norm of this state is ||{µ}||2 = c¯LN2, so
SρN (k, ω) =
2piN2
L
δ(ω − k2/N)∏N−1
a=1
[
1 + ( kc¯Na )
2
]2 . (48)
This contribution is thus a single peak centered on the N string dispersion relation.
At large N with g = c¯N fixed, this becomes
SρN (k, ω) = 2pi
N2
L
(pik/g)2
sinh2 pik/g
δ(ω − k
2
N
). (49)
The density moment sum rule contribution from these intermediate states is for
large N :
1
L
∑
k
∫ ∞
0
dω
2pi
SρN (k, ω)→
N2
L
∫ ∞
−∞
dk
2pi
(pik/g)2
sinh2(pik/g)
=
c¯N3
6L
(50)
so these states completely saturate this sum rule for large N .
The f -sumrule contribution is simply written as
fρN (k) =
∫ ∞
0
dω
2pi
ωSρN(k, ω) =
N
L
k2∏N−1
a=1
[
1 + ( kc¯Na )
2
]2 (51)
which for large N and fixed g becomes
fρN (k) =
N
L
k2
[
pik/g
sinhpik/g
]2
<
N
L
k2. (52)
These states therefore do not completely saturate the f -sumrule, so we consider higher
excited states in order to find the missing part.
Note that if we instead considered N →∞ at fixed c¯, the f -sumrule would have
been saturated by these states, i.e. the dynamics would have been less interesting.
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5.3. N −M :M contribution (two-particle)
The next simplest excited states to consider are the two-particle N −M : M states
with M = 1, 2, .... The rapidities of these are parametrized using (23), and the energy
and momentum with respect to the ground state are respectively given by (24) and
(26). Given an external frequency ω and momentum k within the continuum (31),
there exist two solutions to the dynamical constraints for the rapidities µs, µM given
by equation (30).
From (39), we find that the density operator form factors relevant to this class of
states are
|Σρµλ0 | = NΓ2(N)
P 2µ
c¯
HN−M (µs/c¯)HM (µM/c¯). (53)
Their contribution to the dynamical structure factor is thus
SρN−M :M (k, ω) = 2piL
∑
µs,µM
|Σρµλ0 |2
||µ||2||λ0||2 δk,Kµδ(ω − Eµ + Eλ0). (54)
Let us explicitly rewrite the right-hand side as a function of the variables k, ω. The
energy delta function can be rewritten using (30) as a function of µs,
δ(ω−Eµ+Eλ0) =
[
M
N(N −M)
]1/2 Θ(ω − ωlN−M :M (k))
2
[
ω − ωlN−M :M (k)
]1/2 ∑
σ=±
δ(µs−µσs (k, ω)).(55)
For large L, the summation over µs can be replaced by an integral,
∑
µs
→ L ∫∞
−∞
dµs
2pi .
µM is then completely fixed, finally yielding
SρN−M :M (k, ω) =
Θ(ω − ωlN−M :M (k))[
ω − ωlN−M :M (k)
]1/2 Γ4(N)k42N1/2M3/2(N −M)5/2c¯5L ×
×
∑
σ=±
H2N−M (µ
σ
s /c¯)H
2
M (µ
σ
M/c¯)
FN−M,M (µσs − µσM )
. (56)
As everywhere, this expression is correct to leading order in the exponentially small
string deviations for any value of N and M . Each choice of M gives a distinct
continuum.
In the limit N ≫M ∼ 1, this becomes
SρN−M :M (k, ω) =
Θ(ω − ωlN−M :M (k))[
ω − ωlN−M :M (k)
]1/2 ×
× k
4
2N2M+3M3/2c¯5L
∑
σ=±
F 2M (µ
σ
s /c¯)
[1/4 + (µσM/c¯N)
2]
2M
. (57)
The hierarchy is such that higher M parts are suppressed by increasing powers of N§.
The leading M = 1 part can be further simplified to
SρN−1:1(k, ω) =
N
L
k4
2g
Θ(ω − g2/4)
[ω − g2/4]1/2ω2
∑
σ=±
F 21 (xσ) (58)
with F1(x) = pi/cosh(pix) and x± = ([ω − g2/4] 12 ± k)/g.
§ If M is of the order of N it is straightforward to show that the contributions are exponentially
suppressed for large N
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Figure 2. Left: contribution to the DSF coming from N − 1 : 1 (two-particle)
states, in the large N limit for g = 1. The square-root singularity at the lower
threshold is accompanied by a maximum around k = [ω − g2/4]
1
2 . Right: Fixed
momentum cuts of Fig. 2, showing the weakening of the square-root singularity at
higher momentum, and the displacement of the maximum towards higher energies.
The contribution of these state to the f sum rule is written as the integral
(introducing gζ =
√
ω − g2/4)
fρN−1:1(k) =
N
L
pi2k4
g3
∫ ∞
−∞
dζ
2pi
1
ζ2 + 1/4
1
cosh2 pi(ζ − k/g) . (59)
In the upper half-plane, the first piece of the integrand has a single pole at ζ = i/2
and the second double poles at ζ = k/g + i(n + 1/2), n = 0, 1, .... Writing out the
residues gives a series which can be explicitly resummed, leading to the final result
fρN−1:1(k) =
Nk2
L
(
1− (pik/g)
2
sinh2(pik/g)
)
. (60)
These states therefore completely saturate the remaining part of the f -sumrule after
the N string contributions (52) have been taken into account. Higher frequency
moments further suppress the SρN part; in general, any frequency moment can be
accurately obtained by approximating the dynamical structure factor with Sρ(k, ω) =
SρN (k, ω) + S
ρ
N−1:1(k, ω).
The two-particle (N − 1 : 1) part of the DSF is plotted in the left panel of
Figure 2 for large N , with g = 1. At the lower threshold, the DSF diverges as
(ω − g2/4)−1/2. For ω > g2/4 it is a monotonous decreasing function of ω as long as
k/g < xc = 1.0565 . . ., whereas for k/g > xc it shows a broad peak, whose position
grows like k2 for large k (its amplitude decreases like k−1). Away from this peak
it decays exponentially. The right panel of Figure 2 provides fixed momentum cuts
showing these features in more detail.
5.4. Static structure factor
As a byproduct of the previous results we can simply obtain the static structure factor
Sρ(k) =
∫ ∞
0
dω
2pi
Sρ(k, ω) (61)
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Figure 3. The static structure factor. Left: Two-particle contribution
Sρ
N−1:1
(k)/(N/L). Right: One- plus two-particle contribution (Sρ
N
(k) +
Sρ
N−1:1
(k))/(N2/L) for N = 10, 100, 1000, 100000 showing the crossover at
k/g ∼ lnN .
from our results. The contribution of one particle states is given by the integral of
Eq. (49) over ω, yielding
SρN (k) =
N2
L
(pik/g)2
sinh2(pik/g)
. (62)
We can also evaluate the contribution of the N − 1 : 1 states:
SρN−1:1(k) =
N
L
pi2(k/g)4
∫ ∞
−∞
dζ
2pi
1
(ζ2 + 1/4)2
1
cosh2 pi(ζ − k/g) . (63)
Once again, the residues series can be explicitly resummed, giving
SρN−1:1(k) =
2Nk4
Lg4
[
g2
k2
− pi
2
sinh2 pi kg
− Re ψ2
(
i
k
g
)]
(64)
where ψ2(z) is the polygamma function (second derivative of the logarithm of the
Gamma function). A plot of SρN−1:1(k) is shown in the left panel of Fig. 3. It shows
a broad peak at k/g ∼ 1.2. This is similar to what observed numerically in the
super-Tonks-Girardeau gaslike regime in Ref. [53]. Although any eventual connection
between the two results is far from being clear, it is tempting to believe that the
quench “experiment” used to realize the super-Tonks-Girardeau gas has selected a
two-particle state, in analogy to what claimed in [54].
The one-particle contribution SρN (k) for large N grows like N
2, and so it will
always dominate against the two-particle one (growing like N) for any k at large
enough N . However for large k/g, SρN (k) decays exponentially, whereas S
ρ
N−1:1(k)
goes to the constant value N/L. Consequently, a crossover between the two regimes
is expected to take place at relatively low momentum even for very large N . In fact,
imposing SρN (k) ∼ N/L we have kc/g ∼ (lnN)/2pi. This crossover is explicitely shown
in the right panel of Fig. 3.
6. One-body function
For the dynamical one-body function SΨ(k, ω), the relevant intermediate states are
those made of N − 1 atoms. When calculating the energy difference of a given
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excited state with the ground state, we will thus have to take the chemical potential
E0N − E0N−1 = −c¯2N(N − 1)/4 into account.
The relevant sum rule here is very simple, namely that we should recover the
particle density by integrating over energy and summing over momenta,
1
L
∑
k
∫ ∞
0
dω
2pi
SΨ(k, ω) =
N
L
. (65)
6.1. N-1 contribution (one-particle)
In this case, we write the excited state as an N − 1 string,
µN−1,a = µ+ i
c¯
2
(N − 2a), a = 1, ..., N − 1. (66)
The total momentum of this state is P = (N − 1)µ, and its energy above the
ground state (taking the chemical potential into account) is (N − 1)µ2. Its norm
is ||µ||2 = c¯L(N − 1)2, and its field operator form factor with the ground state is
obtained from (40) as
|ΣΨµλ0 | =
√
c¯NΓ2(N)∏N−1
a=1 [(µ/c¯)
2 + (a− 1/2)2]
. (67)
The one-body function contribution is thus
SΨN−1(k, ω) =
2pi
c¯L
δ(ω − k2N−1 )∏N−1
a=1
[
(1− 12a )2 + ( kc¯Na )2
]2 . (68)
In the large N limit at g constant, this becomes
SΨN−1(k, ω) =
2pi3N
gL
δ(ω − k2/N)
cosh2(pik/g)
. (69)
Integrating this over frequency and momenta, we find that
1
L
∑
k
∫ ∞
0
dω
2pi
SΨN−1(k, ω) =
N
L
(70)
so these states completely saturate the integrated intensity sum rule in this limit.
Since we can also be potentially interested in higher frequency moments, which would
then not be completely saturated by this function, we consider higher excited states,
the leading ones being the two-particle ones.
6.2. N-1-M:M contribution (two-particle)
In complete parallel to the N −M : M states considered for the structure factor, we
here consider the N − 1 atom states with defined by having an N −M − 1 and an M
string:
µN−M−1,a = µs + i
c¯
2
(N −M − 2a) + O(δ), a = 1, ..., N −M − 1,
µM,a = µM + i
c¯
2
(M + 1− 2a) + O(δ), a = 1, ...,M. (71)
The energy of this state above the ground state (again taking the chemical potential
into account) is given by
ωN−M :M (µs, µM ) = ω
0
N−M−1:M + (N −M − 1)µ2s +Mµ2M , (72)
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where the rest energy is
ω0N−M−1:M =
c¯2
4
(N − 1)M(N −M − 1). (73)
The total momentum is the sum of the two string momenta,
k = ks + kM = (N −M − 1)µs +MµM , (74)
so we can write the energy as
ωN−M−1:M (ks, kM ) = ω
0
N−M−1:M +
k2s
N −M − 1 +
k2M
M
. (75)
The Bethe equations are here
(N −M − 1)µsL− ΦN−M−1,M (µs − µM ) = 2piIs,
MµML+ΦN−M−1,M (µs − µM ) = 2piIM , (76)
with Is, IM integers. In the limit of large L, we again ignore the scattering phase shift,
and take µs and µM as free parameters. The energy is again bounded from below by
ωlN−M−1:M (k) = ω
0
N−M−1:M + k
2/N . The dynamical constraints give in this case
µ±s (k, ω) =
k
N − 1 ∓
[
M
(N − 1)(N −M − 1)
]1/2
[ω − ωlN−M−1:M (k)]1/2,
µ±M (k, ω) =
k
N − 1 ±
[
N −M − 1
(N − 1)M
]1/2
[ω − ωlN−M−1:M (k)]1/2. (77)
Therefore, in the large L limit, these states again form a two-fold degenerate continuum
beginning at the lower threshold ωlN−M−1:M (k) and extending to arbitrarily high
energy,
N-M-1:M continuum: ωlN−M−1:M (k) ≤ ω <∞. (78)
The calculation of the contribution of theses states to the one-body function
follows the same logic as that used for the N −M :M states for the structure factor.
We find
SΨN−M−1:M (k, ω) =
Θ(ω − ωlN−M−1:M (k))[
ω − ωlN−M−1:M (k)
]1/2 ×
× Γ
4(N)
2c¯L(N − 1)1/2[(N −M − 1)M ]3/2
∑
σ=±
H2N−M−1(µ
σ
s /c¯)H
2
M (µ
σ
M/c¯)
FN−M−1,M (µσs − µσM )
. (79)
At large N , this can be simplified to
SΨN−M−1:M (k, ω) =
Θ(ω − ωlN−M−1:M (k))[
ω − ωlN−M−1:M (k)
]1/2 N2−2M2g2LM3/2
∑
σ
F 2M+1(µ
σ
s /c¯)
[1/4 + (µσM /g)2]
2M
. (80)
The leading M = 1 term then becomes in this limit
SΨN−2:1(k, ω) =
g2
2L
Θ(ω − g2/4)
[ω − g2/4]1/2ω2
∑
σ=±
F 22 (xσ) (81)
with again x± = pi(
√
ω − g2/4 ± k)/g. Here, F2(x) = pix/sinhpix. This contribution
is plotted for g = 1 in Figure 4.
Note that the relative contribution of these states to the sumrule (65) goes like
O(N0)/L and so it is suppressed by a factor N compared to the one-particle state.
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Figure 4. Left: contribution to the logarithm of the one-body function coming
from N − 2 : 1 (two-particle) states, in the large N limit for g = 1. Right: Fixed
momentum cuts of the same, showing the same qualitative features as for the
DSF, namely the weakening of the square-root singularity at higher momentum,
the appearance of a local maximum as a function of frequency for larger values
of momentum, and the displacement of this maximum towards higher energies at
higher momentum.
6.3. The momentum distribution function
As for the structure factor, the static limit, known as momentum distribution function,
SΨ(k) =
∫ ∞
0
dω
2pi
SΨ(k, ω), (82)
is obtained easily integrating the previous results.
The one-particle contribution is
SΨN−1(k) =
∫ ∞
0
dω
2pi
SΨN−1(k, ω) =
N
gL
pi2
cosh2(pik/g)
, (83)
that again decays exponentially for large k.
We can also evaluate the contribution of the N−2 : 1 states to the static one-body
function for which we get the integral
SΨN−2:1(k) =
pi2
gL
∫ ∞
−∞
dζ
2pi
1
(ζ2 + 1/4)2
(ζ − k/g)2
sinh2 pi(ζ − k/g) . (84)
This integral can be done summing over all the residues. The final result involves
polygamma functions and it is not really illuminating. For this reason we only plot it
in Fig. 5.
Let instead study in detail the behavior for large k. In this case we have
SΨN−2:1(k ≫ g) =
pi2
L
g3
k4
∫ ∞
−∞
dζ
2pi
ζ2
sinh2 piζ
=
g3
6Lk4
. (85)
This k−4 behaviour is the same as for the repulsive regime [56, 57]. In fact this is not
a coincidence: The derivation of Ref. [56, 57] relating the large k behavior of SΨ(k) to
the second density moment 〈ρ2〉 makes use only of analytical properties of the Bethe
wave function that hold both in attractive and repulsive regimes. Adapting the result
of Ref. [56, 57] to our normalization we get
SΨ(k →∞) = 〈ρ2〉 c
2
k4
, (86)
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Figure 5. The two-particle
contribution to the mo-
mentum distribution func-
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(k). Inset:
Lk4SΨ
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(k)/g3 to show the
k−4 tail with prefactor 1/6
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and inserting the value of 〈ρ2〉 obtained via the Hellmann-Feynman theorem in Eq.
(44) reproduces exactly our last result (85). This is not a trivial result because it is
saying that the large k behaviour is completely determined by the two-particle states.
7. Conclusions and perspective
We presented a detailed calculation of the zero-temperature dynamical correlation
functions of the attractive Lieb-Liniger model combining the determinant representa-
tion of the matrix elements with the exact (with exponential precision in the system
size) knowledge of the Bethe states. All the sum rules we have studied are essentially
saturated by the very simplest classes of excitations: the one-particle states obtained
by giving finite momentum to the ground state string (this mode corresponds to the
Goldstone mode associated to spontaneous symmetry breaking in the Gross-Pitaevskii
framework), or the two-particle states obtained when splitting it up by extracting a
single atom. The response of the system to an external probe therefore essentially
occurs with zero recoil energy, which is interpreted as a Mo¨ssbauer-like effect: the
attractive gas is really like a crystal along the imaginary axis in momentum space,
and responds like a single particle since the gap to the lowest excitations is finite. For
large atom number N , higher families of excited states have their contribution to the
correlation functions suppressed by progressively higher powers of 1/N , and can be
ignored for all practical purposes. Our results thus provide an extremely accurate,
essentially exact picture of the zero-temperature dynamics of the system.
Using our results, it is possible to compute other more elaborate form factors, for
example those of the density or field operator between higher excited states involving
nontrivial string partitioning. These take the form of reduced determinants involving
only the string centers, but are still obtainable using a reasoning similar to the one
used in the calculation of the single-string form factors in Appendix C and Appendix
D. We have not pursued this line here since these would contribute sub-dominantly
to the observable zero-temperature lineshapes.
Integrable models for atomic gases also include the class of multi-species, δ-
interaction particles. For these, the Bethe Ansatz involves a nesting, making the
current approach somewhat more complicated. It would be interesting to see whether
the methods used here could be adapted to such cases, and used to derive related
expressions for correlation functions like the spin structure factor. Such an object
would also be in principle observable experimentally [58].
Another interesting possibility is to consider the effects of a finite temperature.
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This would probably be of great importance for experiments, since the ground state
is part of a dispersionless band in the large N limit; any temperature greater than
O(1/N) would thus quickly smear out the correlations in the momentum direction.
However, all the necessary form factors for the calculation of the finite-temperature
response functions are readily obtained directly from the results we presented, and it is
more or less straightforward to obtain the finite temperature dynamical correlations.
The presence of a harmonic trap can also be taken into account by convolving the
ground state wavepacket with a harmonic oscillator wavefunction. We will investigate
these issues further in the near future.
In conclusion, we have shown that the attractive Lieb-Liniger gas is a system for
which the Bethe Ansatz is sufficiently tractable to allow an analytical calculation of
important correlation functions.
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Appendix A. Reduced Bethe equations
In this appendix we derive the reduced Bethe equations for the string centers. The
Bethe equation (12) in terms of the string rapidities (15) are
eiλ
j,a
α L =
∏
(k,β,b) 6=(j,α,a)
λj,aα − λk,bβ − ic¯
λj,aα − λk,bβ + ic¯
=
∏
(k,β) 6=(j,α)
k∏
b=1
λjα − λkβ + ic¯( j−k2 − a+ b− 1)
λjα − λkβ + ic¯( j−k2 − a+ b+ 1)
∏
b6=a
c¯(−a+ b− 1) + δj,(a,b)α
c¯(−a+ b+ 1) + δj,(a,b)α
(A.1)
where we have separated inter- and intra-string parts, dropped all string deviations for
inter-string factors, and denoted δj,aα −δj,bα = δj,(a,b)α in the intra-string part. Simplified
Bethe equations are obtained by taking the product of these equations within the string
considered. The left-hand side becomes
j∏
a=1
eiλ
j,a
α L = eijλ
j
αL. (A.2)
On the right-hand side, we have
j∏
a=1
∏
b6=a
c¯(−a+ b− 1) + δj,(a,b)α
c¯(−a+ b+ 1) + δj,(a,b)α
= (−1)j(j+1) = 1 (A.3)
for the intra-string part, and (writing λ = λjα − λkβ)
j∏
a=1
k∏
b=1
λ+ ic¯( j−k2 − a+ b− 1)
λ+ ic¯( j−k2 − a+ b+ 1)
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= e|j−k|(λ)e
2
|j−k|+2(λ)e
2
|j−k|+4(λ)...e
2
j+k−2(λ)ej+k(λ) ≡ Ejk(λ) (A.4)
where
ej(λ) =
λ− ic¯j/2
λ+ ic¯j/2
. (A.5)
The exponential form of the Bethe equations has thus been reduced to the set of Ns
coupled equations for the string centers λjα,
eijλ
j
αL =
∏
(k,β) 6=(j,α)
Ejk(λ
j
α − λkβ). (A.6)
Taking the logarithm and defining
φj(λ) = 2 atan
2λ
c¯j
(A.7)
such that −i log(−ej(λ)) = φj(λ), we find equations (17) and (18).
Appendix B. Norm of a general state
In this appendix, we consider the fate of the Gaudin-Korepin norm formula in the
case of general string states. A similar treatment can be found in [55]. First of all,
the prefactor of equation (32) explicitly reads (in string notation)
∏
(k,β,b) 6=(j,α,a)
λj,aα − λk,bβ + ic¯
λj,aα − λk,bβ
=
∏
(k,β) 6=(j,α)
j∏
a=1
k∏
b=1
λjα − λkβ + ic¯( j−k2 − a+ b + 1)
λjα − λkβ + ic¯( j−k2 − a+ b)
×
∏
j,α
j∏
a=1
∏
b6=a
c¯(−a+ b+ 1) + δj,(a,b)α
c¯(−a+ b) (B.1)
where we have separated the product into inter- and intra-string parts and defined
δ
j,(a,b)
α = δj,aα − δj,bα .
To leading order in string deviations, this prefactor is then simplified to (including
the c¯N factor)
c¯Ns
∏
j
jNj
∏
(k,β)>(j,α)
Fjk(λ
j
α − λkβ)×
∏
j,α
j−1∏
a=1
δj,(a,a+1)α × (1 + O(δ)) (B.2)
where
Fjk(λ) =
λ2 + ( c¯2 (j + k))
2
λ2 + ( c¯2 (j − k))2
. (B.3)
Let us now deal with the Gaudin matrix. In string notation, the matrix elements
read
G(j,α,a)(k,β,b) = δ(j,α,a)(k,β,b)

L+ ∑
(l,γ,c)
K(j,α,a)(l,γ,c)

−K(j,α,a)(k,β,b) (B.4)
where
K(j,α,a)(k,β,b) = −
2c¯
(λj,aα − λk,bβ )2 + c¯2
. (B.5)
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The diagonal block associated to a particular string within the Gaudin matrix is

L +K12 + S1 −K12 −K13 ... −K1j
−K12 L +K12 +K23 + S2 −K23 ... −K2j
−K13 −K23 L +K23 +K34 + S3 ... ...
... ... ... ... −Kj−1j
−K1j ... ... −Kj−1j L +Kj−1j + Sj

 (B.6)
in which we have isolated elements of the type Kaa+1 which are exponentially large,
Kaa+1 = − 2c¯
(iδ(a,a+1) + ic¯)2 + c¯2
=
1
δ(a,a+1)
(1 + O(δ)). (B.7)
All other elements, including the sums Sj (of finite Kab terms) are of zeroth order in
string deviations.
The determinant can now be manipulated by adding block column 1 to block
column 2, followed by adding block row 1 to block row 2. This eliminates the K12
factor except in the block (1, 1) position. Factors Kaa+1 for a = 2, ..., j − 1 can be
similarly eliminated from two off-diagonal and one diagonal positions. The string block
then has j − 1 exponentially large factors Kaa+1 on the diagonal, and all off-diagonal
terms within the block can be neglected. Doing similar operations for all strings in
the eigenstate and keeping all remaining factors into account, we find that, to leading
order in the string deviations, the determinant of the Gaudin matrix becomes
DetG =
∏
j,α
j−1∏
a=1
1
δ
j,(a,a+1)
α
×DetG(r) × (1 + O(δ)) (B.8)
where the reduced Gaudin matrix is an Ns ×Ns matrix whose elements are
G(r)(j,α),(k,β) =
∂
∂λkβ

jλjαL−∑
(l,γ)
Φjl(λ
j
α − λlγ)

 . (B.9)
Upon taking the product of this with the prefactor (B.2), the string deviation
products cancel, and we find that the norm of a completely general string state
(dropping corrections of order δ) is finite and can be written as
||ΨN ({λjα})||2 = c¯Ns
∏
j
jNj
∏
(k,β)>(j,α)
Fjk(λ
j
α − λkβ) DetG(r). (B.10)
In the limit of large L, we can simplify the reduced Gaudin matrix to G(r)(j,α),(k,β) =
jLδjkδαβ , allowing to simplify the norm to (35).
Appendix C. Density operator form factor
The form factor of the density operator between two Bethe eigenstates of the Bose
gas is given in [50, 51] as
Σρµλ = (Pµ − Pλ)
∏
j
(V +j − V −j )
∏
j,k
(
λjk + ic
µj − λk
)
DetN [I+ U¯(λp)]
1
V +p − V −p
, (C.1)
with
V ±j =
∏
m
µm − λj ± ic
λm − λj ± ic , (C.2)
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and
U¯jk(λp) = i
µj − λj
V +j − V −j
∏
m 6=j
(
µm − λj
λm − λj
)
(K(λj−λk)−K(λp−λk)) ,(C.3)
and where the kernel K is given by Eq. (34) and λp an arbitrary number, not
necessarily a rapidity.
Fixing λp = λN , the last column (k = N) becomes (0, . . . , 0, 1) and the form
factor can be written in terms of an (N − 1) determinant:
Σρµλ = i
N−1(Pµ − Pλ)
∏
j,k
λjk + ic
µj − λk DetN−1U({µ}, {λ}) (C.4)
with the matrix U having elements
Ujk({µ}, {λ}) = δjk
V +j − V −j
i
+
∏N
a=1(µa − λj)∏N
a 6=j(λa − λj)
(K(λj − λk)−K(λN − λk)). (C.5)
Let us now consider the case where rapidities {λ} form an N -string, as for the
ground state. We leave the set of rapidities {µ} arbitrary. We thus take a simple
notation in which
λj = λ+
ic¯
2
(N + 1− 2j) + iδj . (C.6)
We have to deal explicitly with the small deviations δj in our matrices. Namely, we
have
K(λj − λk) =


1
δjj+1
+O(1), k = j + 1,
1
δj−1j
+O(1), k = j − 1,
O(1), k 6= j ± 1.
(C.7)
In these, we have written δjk = δj − δk and kept only the leading term, which turns
out to be the only one needed for the calculation.
We also define the regular function
Vj =
∏N
m=1(µm − λj)∏N
m 6=j(λm − λj)
, j = 0, 1, ..., N + 1 (C.8)
by defining λ0 and λN+1 using equation (C.6) for j = 0, N+1 (we don’t need to define
δj for these values of j). The V
±
j functions can thus be written in regularized form
V +j =


V0, j = 1,
−i
δj−1j
Vj−1, j = 2, ..., N,
V −j =


i
δjj+1
Vj+1, j = 1, ..., N − 1,
VN+1, j = N.
(C.9)
Dynamics of the attractive 1D Bose gas: analytical treatment from integrability 23
To leading order, the U matrix (C.5) is

−V2
δ12
V1
δ12
0 0 . . . 0
−V1
δN−1N
V2
δ12
−V1
δ12
−
V3
δ23
V2
δ23
0 . . . 0
−V2
δN−1N
0
V3
δ23
−V2
δ23
−
V4
δ34
V3
δ34
. . . 0
−V3
δN−1
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
0 0 0 0 . . .
−VN−3
δN−4N−3
−
VN−1
δN−2N−1
VN−2
δN−2N−1
−
VN−2
δN−1N
0 0 0 0 . . .
VN−1
δN−2N−1
−VN−2
δN−2N−1
−
VN−1+VN
δN−1N


(C.10)
The determinant can be evaluated by means of simple row and column manipulations.
Adding the first row to the second one, thereafter the second to the third, as so on,
we end up with an upper triangular matrix whose determinant is simply
Det U = (−1)N−1

N−1∏
j=1
1
δjj+1



N−2∏
j=2
Vj



 N∑
j=1
Vj

 . (C.11)
Using
∏
m 6=j(λm − λj) = (ic¯)N−1
∏
m 6=j(−m + j) = (ic¯)N−1(−1)N−j(j − 1)!(N − j)!
for the denominator of Vj and defining the function
Qj =
∏
m
(µm − λj) (C.12)
for the numerator, we arrive after simple manipulations to the following expression
for the density operator form factor (taking the ground state momentum to zero)
Σρµλ =
[ic¯]NPµN !
Q1QN
N∑
j=1
(−1)j−1
(
N − 1
j − 1
)
Qj =
c¯2NPµN !
2NQ1QN
SN,N({2iµm/c¯}) (C.13)
and where we have defined the summation
SN,M ({µ}M ) =
N∑
j=1
(−1)j−1
(
N − 1
j − 1
) M∏
m=1
[N + 1− 2j + µm](C.14)
for any set of complex numbers {µ}. This sum can be performed explicitly (see
Appendix E), yielding the final expression for the density operator form factor between
the ground state (N -string centered on zero) and the arbitrary string state defined by
the set of string rapidities {µjα}:
Σρµλ =
NΓ2(N)P 2µ/c¯∏
j,α,a
[
(µjα/c¯)2 + (
N+j
2 − a)2
] . (C.15)
Appendix D. Field operator form factor
The form factor of the field operator between two Bethe states is [52, 14]
ΣΨµλ = i
N−1c−1/2
∏N
j,k λjk + ic∏N
j
∏N−1
k µk − λj
DetN−1U({µ}, {λ}) , (D.1)
with the matrix U once again given by (C.5), but with the difference that the set of
rapidities µ now comprises N −1 elements. The calculation is almost identical to that
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for the density operator, except that here we have Qm =
∏N−1
j=1 (µj−λm), i.e. it is the
product of N − 1 and not N factors. The prefactor is slightly different, and we get
ΣΨµλ =
iN−1c¯N−1/2N !
Q1QN
N∑
j=1
(−1)j−1
(
N − 1
j − 1
)
Qj =
c¯2N−3/2N !
2N−1Q1QN
SN,N−1({2iµj/c¯}).
The summation can also be performed explicitly for this new definition of Qj using
the general results of Appendix E, we finally find
ΣΨµλ =
c¯1/2NΓ2(N)∏
j,α,a
[
(µjα/c¯)2 + (
N+j
2 − a)2
] . (D.2)
Note once again that the set of {µ} rapidities comprises N − 1 elements instead of N
like in (C.15), so although these terms look the same, the different µ string contents
involved make them different.
Appendix E. Proof of summation formula
We wish to compute
SN,M ({µ}M ) =
N∑
j=1
(−1)j−1
(
N − 1
j − 1
) M∏
m=1
[N + 1− 2j + µm] (E.1)
for M ≤ N and an arbitrary set of parameters {µ}. The product can be written as
M∏
m=1
[N + 1− 2j + µm] =
M∑
l=0
(N + 1− 2j)M−lPl({µ}) (E.2)
where Pl is the l-th order completely symmetric polynomial. We therefore need to
compute all
TN,L =
N∑
j=1
(−1)j−1
(
N − 1
j − 1
)
(N + 1− 2j)L, L = 0, ..., N. (E.3)
Consider
UN (a) =
N−1∑
j=0
(−1)j
(
N − 1
j
)
ea(N−1−2j) = ea(N−1)(1−e−2a)N−1 = (2 sinha)N−1.(E.4)
This is a generating function for TN,L since
TN,L =
∂L
∂aL
UN (a)|a=0. (E.5)
For the summations we need in order to calculate the density and field operator form
factors, we can keep only the leading order in a and write UN (a) = 2
N−1aN−1 + ....
Therefore, we have
TN,L = δL,N−12
N−1(N − 1)! (E.6)
which yields
SN,M = 2
N−1(N − 1)! (δM,NP1({µ}) + δM,N−1) . (E.7)
This can now be directly used in the form factor calculations of Appendix C and
Appendix D.
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